BOUNDS ON VOLUME GROWTH OF GEODESIC BALLS UNDER 

RICCI FLOW 

QI S. ZHANG 

Abstract. We prove a so called k non-inflating property for Ricci flow, which provides 
>^ ' an upper bound for volume ratio of geodesic balls over Euclidean ones, under an upper 

bound for scalar curvature. This result can be regarded as the opposite statement of 
Perelman's n non-collapsing property for Ricci flow. These two results together imply 
volume doubling property for Ricci flow without assuming Ricci curvature lower bound. 
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1. Statement of result and proof 



Q . In [P], Perelman proved the fundamental k non-collapsing property for Ricci flow. One 

(-H I version of it roughly says that the volume ratio between a geodesic ball and Euclidean 

ball with the same radius is bounded from below by a positive constant, provided that the 
scalar curvature is bounded from above in a space time cube. 

In this short note, we prove that the opposite result is also true. i.e. the above volume 
ratio is bounded from above by a positive constant, provided that the scalar curvature 
is bounded from above in a space time cube. In the case of normalized Ricci flow on 
^N^ ' compact Kahler manifolds with positive first Chern class, the upper bound holds for all 

^O . time. An upper bound for the volume ratio is useful in the study of Kahler Ricci flow. See 

^^ I for example the papers [Se], |CW] and the references therein. The current result seems to 

remove one of the obstacles in the program to prove convergence results, although many 
other obstacles remain. 

To make the statement precise, let's introduce notations and definition. We use M to 
denote a compact Riemann manifold and g{t) to denote the metric at time t; d{x,y,t) is 
the geodesic distance under g{t); B{x,r,t) = {y G M | d{x,y,t) < r} is the geodesic ball 
of radius r, under metric g{t), centered at x, and \B{x,r,t)\g(^t) is the volume of B{x,r,t) 
under g{t); dfig(t){x) is the volume element. We also reserve R = R{x,t) as the scalar 
5^ \ curvature under g{t). 

Definition 1.1. A smooth, compact, n dmensional Ricci flow (M.,g{t)) is called k non- 
inflated at the point {xo,to) under scale p if the following statement holds. 
For any r G (0,p), suppose: 

1. the Ricci flow is defined in the space time cube 

{{x,t) \d{x,XQ,tQ) < r, t G [to -r2,to]}, 

2. for some positive constant a, R{x, t) < j^ for all {x, t) in the above cube. 
Then, there exists a positive constant k, which may depend on a such that 

|S(xo,r,to)|g(to) < Kr"^- 
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Remark. Recall that in the k non-collapsing property, the condition on the scalar curvature 
is R{x, t) < ^2 in the space time cube. Obviously this condition is included in our condition 
R{x,t) < j^-^ in the same space time cube. 

The main result of the note is the following theorem. Even though the proof is very 
short, it actually uses a combination of several results: a variation of global bounds for 
the fundamental solution of the conjugate heat equation ( [CZj ) whose proof relies on 
Perelman's Harnack inequality in [P] and uniform Sobolev inequality under Ricci flow, 
and also Perelman's scalar curvature and diameter bound for Kahler Ricci flow, and the 
general idea that heat kernel lower bound implies volume upper bound in |GHL| . 

Theorem 1.1. (a). Let {Ni,g{t)), dtgij = —2Rij, t G [0, to] be a smooth, compact, n 
dimensional Ricci flow. Then for any xq G M, the Ricci flow is k non-inflated at (xo,to) 
under scale y/t^. Here k depends only on g{0), to ^.''^d the constant a in the bound for the 
scalar curvature. 

(b). Let (M,(7(t)), dtgij = ~Rij + dij; t £ [0,oo) be a smooth, compact, n real dimen- 
sional, normalized Ricci flow on compact Kahler manifolds with positive first Chern class. 
There exists a positive constant k > 0, which depends only on the initial metric g(0) such 
that 

\B{x,r,t)\ < Kr" 
for all x e M, r > and t > 0. 

Proof, (of part (a)). 
Step 1. 

Picking any r e (0, \/to), we assume: 

1. the Ricci flow is defined in the space time cube 

Q{xo,to,r) = {{x,t) \d{x,xo,to) < r, t£ [to -r^,to]}, 

2. for some positive constant a, R{x, t) < j^ for all (x, t) in the above cube Q{xo, to, r). 
Let /, t be two moments in time such that < Z < t < to, and x,z £ M. Let 

G = G{z, I; X, t) be the fundamental solution of the conjugate heat equation 

(1.1) Au-Ru + diu = 

which is coupled with the Ricci flow. Fixing z,l, we know that G, as a function of x,t 
satisfies the heat equation i.e., for t > I, 

A,^G{z, I; X, t) - dtG{z, I; x, t) = 0. 

Hence 

— - / G{z,l;x,t)diig(t){x) = / [/\a:G{z,l]x,t) - R(x,t)G{z,l\x,t)]d^g(t){x) 
"t Jm Jm. 

= -/ R{x,t)G{z,l;x,t)dfig(t)ix). 
Jm 

From the scalar curvature equation 

AR + 2\Ric\'^ -dtR = 0, 
we deduce 

AR + -R^ - dtR < 0, 

n 
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which imphes, via the maximum principle that, either R{-, 0) > or 

mini?(-,t) > - — ; — ; — -— . 

^ ' ^ - (l/mini?(-,0)) -{2t/n) 

Therefore, either ^ f^ G{z, I; x, t)d^g(t) {x) < or 

Jt L ^^'' ^' ''' '^^^^^*^ ^''^ - (-l/mini?(-0)) + (2t/n) L ^^'' '' '^' '^'^^'^'^ ^'^^' 
which yields 

(1.2) f G{z, I; X, t)dfig(^t) {x)<l + C{l + t- 0"/^ 

Jm 

Here C only depends on mini?(-, 0) and n, and C = when R>0. 

Step 2. 

Next we prove the following heat kernel bounds on G{z, I; x, t) which is similar to The- 
orem 2.1 in [CZ]. The method is also similar. The improvement is on the coefficients of 
the bounds which rely on the initial metric g{0) instead of on g{l). This will be useful in 
proving the volume ratio bound. 

(1.3) -fi^W ^-2..ii^^-^/;v^i.(.,.).. ^(^ ^ ^ ^^ cpj_Hti_ 

{t- /)"/2 V ' ' ' / ^^ _ ^^„/2 

Here 

J = J{s) = exp[— a — s/S — s supi?^(-, 0)], 

and a and /3 are positive constants depending only on the Sobolev constants of (M,g((0)) 
and the infimum of Perelman's F entropy for (M,g(0)). The proof of this theorem uses 
uniform Sobolev inequality under Ricci flow and Perelman's differential Harnack inequality 
for G ([P]). Moreover, if the scalar curvature is positive, then J{t) is independent of t. 

Recall that as a function of (x,t), G = G{z,l;x,t) is the fundamental solution of the 
forward heat equation associated with the Ricci flow, i.e., 

(1.4) I m9it) = -^Ric, 

We study the forward heat equation ()1.4p first. 

Let u = u{x,t) be a positive solution to ()1.4p . Given T > and t £ il,T), define 

p{t) = {T-l)/{T-t), 
so p{l) = 1 and p{T) = oo. By direct computation, using the idea of Davies, 

dt\\u\\p{t) = dt 



M 



^ ||n||p(,) In 1^ ^pW (x, t)rf/.,(i) + ^ ( ^ ^""^'^ (^' t)df^a{t) 

uf^'\lnu)p'{t)dfig^t^+ [ nPW-i(p(t)An-iin)d^,(,) 
M Jm 



(i/p(t))-i 
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p. 



Using integration by parts on the term containing Au and multiplying both sides by 
|u||^g, we infer 

p2(t)||n||jga,||n||,(,) 



M 



M 



Jm Jm 

Dividing both sides by ||u||p(i), we arrive at 



P 



iipW 



iiPK'^) O 1 II II 

u\\ },iOf in n L/-+-1 
"pit) ^ II iipvi^; 



p{t}\\u 



\v{t) 

\p{t) 



In/ uP^^UfigU) + p{t)p' (t) uP^^hnudfi 



M 



M 



^git) 



Define v(x,t) 



,,p(t)/2 



9(t) -i^l^^J / -rti^'U'^" ) ang(t). 
M JM 



|1«P(*)/2|| 



-, then \\v\\2 = 1 and 
i;2lnt>2=p(t)u2lnn-2t;2ln||uPW/2||2. 



Merging the first two terms on the righthand side of the above equality and dividing both 
sides by HiilDj), we find that 

p^{t)dt\n\\u\\p(t) 

=p'{t) v'^lnv'^dng^t)-4ip{t)-l) \Vv\'^dfig^t)-pit) Rv^dfig^t) 
JM JM JM 

=p'{t) I v^\Wdiig(^t^-A[p{t)-l] I {\Vv\'' + -Rv^)diig(t)- I Rv^dng^t). 

JM JM 4 JM 

Notice the following relations, 



4(p(t)-l) Ait-l)iT-l-{t-l)) 



p'it) 



T-l 



<T-l, 



{T-lf 



p'{t) 



<r, 



Hence 



p^{t)dt\ii\\u\\p(t) 

<vit) 

Take e such that 



v^\Wd^ig(t)- ^^^^^} ^^ [ {\Vv\^ + ]-Rv^)dfig(^t)+T sup R-{x,t) 



4 



2 4(p(t)-l) ^ , 

£2 = ^-^\; ^ ^ <T-i 
p'{t) - 



in the log-Sobolev inequality (6.2.8) in Section 6.2 of [Z2] , we deduce that 



p\t)dtln\\u\\p^t)<p'{t) 



n 



In ^4:{p{t) - l)/p'{t) + L{t) +TsupR-{x, 0) 
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where, due to e^ <T — I <T, 

L{t) = {t + €^)p + a 
< 2T/3 + a 

= L{T), 

for some positive constants a = a{AQ,BQ,XQ,n) and (3 = I3{Aq,Bq, XQ,n). Here Aq, Bq 
are the coefficients in the standard Sobolev inequahty for (M, ^(O)) and Aq is the infimum 
of Perelman's F entropy for (M.,g{0)). We stress that these depend only on initial metric. 
Here we also used the fact that 

sup R~{x,t) < supi?^(x,0), 

which is a consequence of maximum principle and the evolution equation of scalar curva- 
ture St i? = Ai? + 2|ffic|2. 

Observe that p'{t)/p^{t) = 1/(T - /) and 

4{p{t) - l)/p'{t) = A{t-l)[T-l-{t- 1)]/{T - I). 

Hence we have 

dt In ||n||p(t) < ^^—^1 - - ln[4(t - l)[T - I - {t - 1)\/{T - l)\ + L{T) +TsnpR-{x, 0) 

This implies, after integrating from t = I to t = T, that 

In "r^";^!!h < -S ln(4(r - /)) + L{T) +TsupR-ix,0) + n. 

Since 



u{x,T)= G{z,l;x,T)u{z,l)dfig^i), 
Jm 

the above inequality implies that 

(1.5) G(z,/,x,r)<^P[^(^)+^^^P^"(^'°^ 



(4(r-/))"/2 

where L(T) is defined above as 

L{T) = 2Tf3 + a. 

Since T is arbitrary, we get the upper bound by defining J^^ = L(T) + Tsupi?~(x,0). 
Note the constants /3 and a may have changed by a factor. 

In case R{x, 0) > 0, by Section 6.2 in |Z2j . we have /3 = 0. So the above bound becomes 

(1-6) G{z, I; x, T) < , ^^P(") 

^ ' ^ ' ^ - (47r(r-/))"/2' 

proving the upper bound. 

Next we prove the lower bound. Let t < Iq and u = u{x,t) = G(x, t; xq, to)- We claim 
that for a constant C > 0, 

G{xo,t;xo,to) > _£_e-^/*°v/^^(-0'^)^^ 
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where t = to — t here and later in the proof. To prove this inequahty, define a function / 
by 

(47rr)-"/2e-/ = y. 

We need to apply Perelman's differential Harnack inequality for the fundamental solution 
along any smooth space-time curve 7(i) (see [HI Corollary 9.4]). Here we pick the curve 
7(i) to be the fixed point xq, we have, 

-dtf{xo,t) < -R{xo,t) - —f{xo,t). 
Z It 

For any ^2 < ii < ^o, we integrate the above inequality to get 

1 /■*! 
f{xo,t2)VU)^^<f{xo,ti)y/t^^^i + - I Vto - sR{xo,s)ds. 

When ti approaches to> fi^o^ ti) stays bounded since G(xo, ti; xq, to)(^o — ^i)" is bounded 
between two positive constants, which is a direct consequence of the standard asymptotic 
formula for G (for example, see |C++i Chapter 24]). Hence for any t < Iq, we have 

1 r^o 

f {xo.t) < —j^==. I Vto - sR{xo,s)ds. 
^V*o -t Jt 

Consequently 

/j ^to — sR(xo,s)ds 



;;i.7) G{xo,t;xo,to)> 



(47rr)"/2 



As observed earlier, the function G{xQ,t; •, •) is a solution to the standard heat equation 
coupled with Ricci flow, which is the conjugate of the conjugate heat equation, i.e., 

A^G(x, t; z; I) - diG{x, t; z, I) = 0, 

here A^ is with respect to the metric g{l). Therefore it follows from \L1\ Theorem 3.3] or 
\CE\ Theorem 5.1] that, for 5 > 0, ci, C2 > 0, and yo G M, 

G(xo, t; xo, to) < ciGi/(i+^) (xq, t, yo, to)i^'/('+'^e^2'^'(^«'^«'*o)/^ 

where K = supA/x[(to+t)/2,to] G{xQ,t, •, •)• The upper bound 

cJ-^to) 
- (to-t)"/2' 

together with the lower bound (jl.7p imply that, with (5 = 1, 

G(xo,t;yo,to) > c,-^e--'^(---*")V^e-7^^"^^^^^°'^^", 
(to - 1)"/^ 

which is the desired lower bound. 

Step 3. 

In (jl.3p . we take z = xq, t = to and I = to — r'^ where r is the given number in (0, \/to). 
By the assumption on the scalar curvature R{x,t) in the definition of k non-inflating,, we 
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obtain, for x such that d{xQ,x,tQ) < r, 

G{xo,to-r';x,to) > 21^^-20,^-^11.2 Vu^^Ri-,s)ds 

Thus, when d(xo,x,to) ^ ^i we have 

Substituting this to ()1.2p . we deduce 

l + C(l + r2)"/2> / G(xo,to-r-2;x,to)c?M5(to)(^) 



> 



c({xo,a::,to)<'" 
C]V(io) 2c2-2c 



G{xQ,tQ-r ■,x,to)dHg(^t^){x) 



' J d{xQ,x,tQ)<r 

This implies 

|i5(3;o,r,io)|g(to)r-" < [l + C{l + torV'''^''c^'j'\to). 
Taking 

K = [1 + C(l + to)"/']e2^^+'"cr^ J-^to), 
we obtain 

|5(xo,r,to)|g(to) < «^?'" 
proving part (a) of the theorem. Note k depends only on to and g{0) in general, and if 
R>0, then k only depends on g{0), due to the aforementioned property on the constant 
J in (jl.3p . and the fact that in the expression of k, the constant C = when R> 0. 

Proof, (of part (b)). Since the normalized Ricci flow is smooth, we only need to prove 
the result for t > cq for some positive constant cq. According to Perelman (see [ST] ), the 
scalar curvature R = R{x, t) and diameter of the manifold are uniformly bounded for all 
time. Using the scaling 

t = - ln(l - 2i), git) = 7^~5(i), 

we see that g{t) is the standard Ricci flow in the time interval t G [0, 1/2) such that 



R{x, i) < 



a 



l-2t 

where a is a positive constant. Pick t G [1/4,1/2) and f G (0,1/2). Then for all s G 
[i — f^, t] and x G M, we have 

~, , a/2 a 

R{x,s) < ——^^ < 



(1/2) -s - i-s' 
Now we can just apply part (a) of the theorem to conclude 

\{y I d{y,x,gii)) < f}|-(^-) < Kf''' 
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where n depends only on the initial metric g{0) and a. This is so because the total length 
of time interval is 1/2 for i. After scaling we obtain, for r = (1 — 2t)~^'^f = e*' ^f, 

\B{x,r,t)\g^t) <^^"- 
Since r can be any number in (0, 1/2), we conclude that for r < e*'^/2, and all t > ln2. 

Since the diameter of (M.,g{t)) is uniformly bounded, the above holds for all r > with 
perhaps a different constant k. D 
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